We study some realization problems related to the Hessian polynomials. In particular, we solve the Hessian curve realization problem for degrees zero, one, two, and three and the Hessian polynomial realization problem for degrees zero, one, and two.
Introduction
A topic which has been of interest since the XIX century is the study of the parabolic curve of smooth surfaces in real three-dimensional space, as shown in the works of Gauss, Darboux, Salmon 1 , Kergosien and Thom 2 , Arnold 3 , among others.
The parabolic curve of the graph of a smooth function, f : R 2 → R, is the set { p, f p ∈ R 2 × R: Hessf p 0}, where Hess f : f xx f yy − f 2 xy . In this case, the Hessian curve of f, Hess f x, y 0, is a plane curve which is the projection of the parabolic curve into the xy-plane along the z-axis. When f is a polynomial of degree n in two variables, Hess f is a polynomial of degree at most 2n − 4. Therefore, the Hessian curve is an algebraic plane curve. In this setting there are two natural realization problems related to the Hessian of a polynomial.
1 Hessian curve realization problem. Given an algebraic plane curve g x, y 0 in K 2 , where K R or C, we ask: When is g x, y 0 the Hessian curve of a polynomial f ∈ K x, y ?
2 Hessian polynomial realization problem. Given g ∈ K x, y we ask: When does f ∈ K x, y exist such that Hess f g? If such f exists and K C K R , then g is called a complex Hessian polynomial real Hessian polynomial . We remark that Arnold see 4 calls Hessian topology problem to the study of the problem 1 in the real case.
It is important to note that the computations for solving the system 2.4 are generally very complicated.
In the following results we describe the sets of polynomials of a given degree which are Hessian and those which are not Hessian under a specific Hessian map. 
Degree of g Equal to Zero

Degree of g Equal to Two
Let g 1 , g 2 ∈ K x, y . We say that g 1 is in the orbit of g 2 if they are equivalent by an affine transformation of the plane K 2 .
Theorem 2.7. Complex Case
1 The complex polynomials of degree two In the next section we will give a geometric proof of this corollary. For the general case, we have the following conjecture.
Conjecture 2.11. If f ∈ A nR is a critical point of the map H
, then its Hessian curve, Hess f x, y 0, is singular or has degree less than 2n − 4.
Degree of g Equal to Three
The following theorem is one of the most important of this paper. 
The normal form of curves (see [7] ) defined in Table 3 
Proofs
Let us consider the complex Hessian map H
C n : A C n → A C 2n−4 f → Hess f and recall that the fiber of g ∈ A 2n−4 under H C n is the set H C n −1 g : {f ∈ A C n | H C n f g}.
Proof of the Proposition 2.2. Let f x, y
g. Hence a 2 11 4a 20 a 02 − g and the first part of the claim is done. Finally, the derivative of H C 2 is given by
Therefore, we conclude the proof of the result.
Proof of the Corollary 2.3. The polynomial f x, y x
2 g/4 y 2 satisfies that H K 2 f g in complex or real case. 
where the b rs coefficients satisfy the following system of quadratic equations: 4a 20 a 02 .
3.13
To solve these four equations we will consider two cases. 
3.14
To solve these two equations we will consider two subcases.
1 a 03 0. We obtain a 30 ∈ C and a 20 ∈ C. From all of these values we get the parametrization F 3 .
2 a 03 / 0. We obtain a 30 a 20 0. From all these values we get the parametrization F 4 when a 02 0. 
3.15
To solve these three equations we will consider two subcases.
1 a 03 0. We obtain a 30 0 and then the parametrization F 2 .
2 a 03 / 0. We obtain a 30 0, a 20 0, as well as a 11 ± √ −g. All these values together are included in the parametrization F 4 when a 02 ∈ C * . Therefore, we have obtained all parametrizations in the proposition and the proof is done.
Let g 1 , g 2 ∈ K x, y . We say that g 1 is in the orbit of g 2 or g 2 is in the orbit of g 1 if they are equivalent by an affine transformation of the plane K 2 where K R or C . .
3.29
We replace this last expression of a 12 in 3.23 and we obtain .
3.30
We replace the expression of a 21 in 3.24 and 3.25 and we have .
3.31
Note that those last four expressions are in the image of F 1 . Note that the polynomial f x, y
2 To verify that the polynomials y 2 r, where r ∈ C * , are not complex Hessian polynomials, we used the computer algebra system Maple 9.5. In particular, the Groebner package with the graded reverse lexicographic monomial order. We obtained a reduced Groebner basis for the system H 
Real Case
Analogous to the complex case, after a composition with an affine transformation of the real plane, the real quadratic polynomial g x, y ax 2 bxy cy 2 dx ey h is in the orbit of one of the normal forms:
Definition 3.3. We say that a complex polynomial is totally imaginary if the real part of all its coefficients is zero. 
Hence, g is a real Hessian polynomial. 
Proof of Corollary 2.8. Let us consider the map
Now, we are interested to describe the conditions in f under which the image under ψ f of C 2 , ψ f C 2 , is not a plane.
Lemma 3.5. The set Sψ
is not a plane} is given by the union of the following sets: Let us consider the cone C { w 1 , w 2 , w 3 ∈ C 3 | w 1 w 3 − w 2 2 0}. We shall describe the set ψ f C 2 ∩ C when f ∈ Sψ.
Lemma 3.7. Let f ∈ Sψ. 4a 20 a 02 .
3.43
Let S be the union of the images of F 1 and F 2 . A direct substitution shows that S ⊂ H
Therefore, to finish the proof it is enough to show that H
To check this last sentence we have used the computer algebra system Maple 9.5.
Proof of the Theorem 2.12. Real Case
We will proof that the plane curve g x, y 0, where g x, y xy 2 − x real cuartic polynomial f in H 
3.59
The set of common zeroes of these last 7 polynomials is the union of the sets , a 30 / 0 .
3.68
Proof. Let f x, y 
3.69
Let us denote by M k , k 1, . . . , 7, the 6 × 6 matrix obtained from J H .
3.81
The Hessian curve in this case has degree one.
